We introduce the quasi-topological electromagnetism which is defined to be the squared norm of the topological 4-form F ∧F . A salient property is that its energy-momentum tensor is of the isotropic perfect fluid with the pressure being precisely the opposite to its energy density. It can thus provide a model for dark energy. We study its application in both black hole physics and cosmology. The quasi-topological term has no effect on the purely electric or magnetic Reissner-Nordström black holes, the dyonic solution is however completely modified. We find that the dyonic black holes can have four real horizons. For suitable parameters, the black hole can admit as many as three photon spheres, with one being stable. Another intriguing property is that although the quasi-topological term breaks the electromagnetic duality, the symmetry emerges in the on-shell action in the Wheeler-DeWitt patch. In cosmology, we demonstrate that the quasi-topological term alone is equivalent to a cosmological constant, but the model provides a mechanism for the dark energy to couple with other types of matter. We present a concrete example of the quasi-topological electromagnetism coupled to a scalar field that admits the standard FLRW cosmological solutions.
Introduction
One important class of physical quantities observed in nature are described as form fields.
These include the Riemann curvature tensors, the Maxwell, or more generally Yang-Mills field strengths, all of which are 2-forms. The form fields have an intrigue feature that one can define the quantities that are independent of the metric or geometries of the spacetime, e.g.
These terms give no contribution to the dynamics of a system, instead they describe its topology. However, dynamics can be built from these basic topological structures using the metric. In fact, we may view the kinetic term of the Maxwell theory as the bilinear norm of F . Indeed F measures the flux and is topological. This point of view leads to immediate higher-order generalizations to the standard electromagnetism.
The most famous nonlinear electromagnetism is the Born-Infeld theory [1] whose Lagrangian can be written in a close form. Perturbatively, it is an infinite series of invariant polynomials constructed from the Maxwell field strength, with the leading term being the Maxwell kinetic term. In this paper, we consider nonlinear electromagnetism with polynomial invariants at some finite order, but constructed using the basic topological structures as the ingredients. To be specific, for Maxwell field F = dA in D spacetime dimensions, we can construct a (2k)-form topological structure, as a wedge product of F at the k'th order:
Our quasi-topological polynomial invariants are the squared norms of V (2k) 's, namely
3)
The simplest k = 1 case gives rise to the usual kinetic term of the Maxwell theory.
The terminology "quasi-topology" was coined for two reasons. One is for the nature of our construction. The other is that for some special classes of Ansätze, such as any electrostatic system or light with global polarization, the quasi-topological polynomials
give no contribution to the equations of motion. This is analogous to quasi-topological curvature polynomial invariants in gravities, see e.g. [2] [3] [4] [5] .
One purpose of this paper is to study the effect of quasi-topological terms on the electromagnetism. We shall focus on four dimensions, where there is only one such term, corresponding to k = 2. We couple the quasi-topological electromagnetism to Einstein gravity minimally and consider applications in both black hole physics and cosmology.
Although the quasi-topological term has no effect on equations of the purely electric or magnetic Reissner-Nordström (RN) black holes, they can nontrivially modify the dyonic solutions. One unusual feature is that the dyonic solution can now have as many as four black hole horizons, instead of the usual two for the familiar RN black holes. For suitable parameters, we find that there can exist a stable photon sphere outside the dyonic black hole. Furthermore, we find the electromagnetic duality can emerge in the on-shell action, even though it is broken at the level of equations by the quasi-topological term.
One salient property of the quasi-topological term is that its energy-momentum tensor is of the perfect fluid, with isotropic pressure that is precisely the opposite to the energy density. Thus the quasi-topological term can provide a candidate for dark energy. The advantage of this dark energy model is that it is composite, built from a U (1) field and hence it can provide interesting couplings to the dark or other forms of matter. Therefore it may potentially realize the dark energy/dark matter interaction. (See a recent review [6] .)
The paper is organized as follows. In section 2, we construct the quasi-topological terms of arbitrary order in general spacetime dimensions. In section 3 and onwards, we focus on four dimensions. We analyse the broken electromagnetic duality, energy conditions and dyonic particles. We demonstrate that the quasi-topological term can provide an on-shell spontaneous symmetry breaking mechanism. In section 4, we construct the exact solutions of general dyonic black holes carrying mass, electric and magnetic charges. We analyse the global structure and demonstrate that as many as four black hole horizons can arise. In section 5, we analyse the photon spheres created by the dyonic black holes and we find that a stable one can exist. In section 6, we demonstrate that although the electromagnetic duality is broken by the quasi-topological term, the duality can emerge in the on-shell action by adding some appropriate boundary terms. In section 7, we study the application of the quasi-topological term in cosmology and show that it can be viewed as composite dark energy. We conclude the paper and give further discussions in section 8. We give the dyonic black holes in general even dimensions in the appendix.
2 Quasi-topological electromagnetism
General construction
In this paper, we consider higher-order extensions of the Maxwell theory. We focus on the polynomial invariants of the field strength F µν = ∂ µ A ν − ∂ ν A µ , but not of its derivatives.
The Lagrangian density of the usual Maxwell theory can be expressed as L = √ −gL, where L is the quadratic invariant:
We consider a specific class of polynomial extensions where the Maxwell fields are contracted by the multi-index Kronecker delta, which is defined to have unit strength
The polynomial invariant of the (2k)'th order is
It is thus clear that U (k) is the squared norm of the topological structure (1.2). Note that there is an alternative but equivalent expression, namely
Note that in this paper we denote F ν µ ≡ F ν µ = g νρ F ρµ . However the expression (2.3) is more convenient to perform the variation principle for the Maxwell field. We define
Then the U (k) term gives a contribution ∇ µ F (k)µν to the Maxwell equation. The totally antisymmetric property of the multi-index Kronecker delta implies that for given spacetime dimension D, we must have k ≤ [D/2]. The contribution to the energy-momentum tensor from the U (k) term is given by
Here g µν is the metric for a generic spacetime. Note that the right-hand side of the equation is automatically symmetric with the µ, ν indices.
It is convenient to introduce the irreducible polynomial notations
where F 2 ≡ F µν F µν . With these notations, we give some explicit low-lying examples:
Our normalization for U is that the last term has unit coefficient. Note that F (2k+1) 's vanish identically owing to the fact that
Quasi-topological properties
Our construction in the previous subsection is analogous to that of the Euler densities in Riemannian geometry where the Riemann tensor polynomials are constructed by the contraction using the multi-index Kronecker delta. In fact, analogous construction involving both F and the Riemann tensor leads to the Horndeski vector-tensor terms [7] . Unlike the Euler densities, our polynomials are not topological. The reason for us to call these Maxwell polynomial invariants as quasi-topological is that for certain special class of ansatz, they
give neither contribution to the Maxwell equation nor to the energy-momentum tensor.
(This follows exactly the same definition of [5] .) As an example, we consider Minkowski spacetime in general D dimensions, the metric in the Cartesian coordinates takes the form
It is easy to see that for the ansatz of global polarization
the higher-order terms give no contribution to the Maxwell equation, and furthermore, their contributions to the energy-momentum tensor all vanish. In particular, this implies that the usual electromagnetic wave with constant global polarization (or a single photon) remains to be the solution in these higher-order extended theories. The quasi-topological terms have no effect on the equation of any purely electric configuration either.
3 Four dimensions
Lagrangian, Hamiltonian and electromagnetic transformations
In this paper, we focus on four dimensions, where there is only one quasi-topological term.
Together with the Maxwell kinetic term, the theory is given by
where α 1,2 are the two coupling constants. The case α 2 = 0 gives the standard Maxwell theory, whilst α 1 = 0 gives the quasi-topological electromagnetism. We shall present the formalism in a general curvature spacetime background, while many specific discussions will be given in the Minkowski spacetime. The energy-momentum tensor of the system is given by
It is no longer traceless, but
In general, the term U (k) gives rise to a traceless contribution to the energy-momentum
The Bianchi identity and the Maxwell equation of motion are BI :
The system of the equations are invariant under the interchanging of
However, the energy-momentum tensor T µν is not invariant under this electromagnetic transformation, except for α 2 = 0. On the other hand, we can perform an alternative version of the electromagnetic transformation, namely
The energy-momentum tensor is invariant, but not the set of equations.
To understand the issues, it is advantageous to write the field strength F µν in terms of electric and magnetic fields ( E, B), as
The Lagrangian is now
The Hamiltonian H = T 00 is given by
Thus the situation with the "electromagnetic duality" becomes clear. Although the α 2 term in both the Lagrangian and the Hamiltonian is invariant under E ↔ B, neither E and B is the fundamental field, and the transformation cannot be implemented locally on the fundamental field A. Thus interchanging E and B is not consistent with the interchanging equations, namely the Bianchi identity and the equation of motion. From this point of view, the electromagnetic duality in the Maxwell theory is rather accidental.
We shall demonstrate in section 6 that there is a hidden electromagnetic duality in the on-shell action.
Energy conditions
From the discussion in the previous subsection, we see that the Hamiltonian is nonnegative provided that both α 1 and α 2 are nonnegative. It is intriguing that the energy-momentum tensor T (2)µν is automatically diagonal like perfect fluid. Furthermore, the pressure p is precisely the opposite of the energy density ρ, analogous to that of the cosmological constant or the dark energy:
Note that although the above discussion was based on the Minkowski spacetime, the conclusion holds in general curved spacetimes.
Since the Maxwell field with the standard kinetic term satisfies all the energy conditions [8] , it follows that for α 1,2 > 0, the system satisfies the dominant energy condition, but not necessary the strong energy condition. Explicit examples will be given presently.
A dyonic particle
The α 2 -term has no dynamical effect on the solutions of the type (2.12). In particular, it means that the point particles carrying either purely electric charge or purely magnetic charge give the same electrostatic or magnetic fields as in the Maxwell theory. The situation is different for the dyonic particles. In the spatial spherical-polar coordinates, namely
the ansatz of the Maxwell field for the dyonic particle located at the origin is
The equation of motion imply
Thus we have * (F ∧ F ) = 2pq
(3.14)
The electric potential can be easily integrated. The answer depends on the sign of α 1 α 2 .
As was discussed, unitarity of the theory requires that α 1 ≥ 0 and α 2 ≥ 0. Thus we have three nontrivial cases
When α 2 = 0, the electric potential is the standard one and it is divergent at the origin.
When α 1 = 0, the electric potential is regular at the origin, but divergent asymptotically.
When α 1 α 2 = 0, the electric potential is regular in the whole space, and its contribution to the energy-momentum tensor is thus regular. However, the existence of the magnetic monopole p implies that the system is singular at the origin owing to the α 1 -term. The on-shell Hamiltonian is
In other words, a magnetic monopole can regulate the divergence of the electric potential, but creates its own divergence. The energy momentum tensor in the diagonal vielbein basis is given by
It can be easily demonstrated that the dyonic particle satisfies the null, weak and dominant energy condition, but not necessary the strong condition.
The energy-momentum tensor is in general not constant; however, when α 1 = 0, it is.
We find
Thus for the α 1 = 0 case, the energy-momentum tensor has the same effect of a positive cosmological constant Λ eff . We shall come back to this point in section 7.
Finally we note that when α 1 α 2 < 0, there is a singularity at r * , given by
The solution now becomes (α 1 α 2 < 0):
(3.20)
We shall not discuss this case further in this paper.
An on-shell spontaneous symmetry breaking mechanism
We consider a simple model of a massless scalar field φ coupled to the quasi-topological electromagnetism, with no Maxwell kinetic term. The Lagrangian in the Minkowski spacetime
where ε µνρσ is the totally antisymmetric tensor with ε 0123 = 1. Note that the sign choice of last term is inessential, and hence we choose without loss of generality that β is positive.
Defining * (F ∧ F ) = 2ψ, the equation of motion for A implies that
where λ is an integration constant, measuring the constant flux of F ∧ F . The scalar equation is now given by
Thus the effective Lagrangian for (3.21) is simply a scalar theory with
Thus although we start with a free scalar, turning on the constant flux λ generates an effective mass, with µ 2 = 8βλ, for the scalar.
For positive flux λ, φ = 0 is the vacuum and we have an effective positive cosmological constant Λ eff = 4α 2 λ 2 . On the other hand, when the flux λ < 0, φ = 0 is locally maximum, and the true vacuum is located at φ = ±2 α 2 (−λ)/β, where the effective cosmological constant vanishes. Thus we see that the quasi-topological mechanism can provide an on-shell parameter (or integration constant) λ for the spontaneous symmetry breaking. We demon-strated this using a real scalar; the generalization to the complex scalar is straightforward.
Dyonic black holes 4.1 Minimally-coupled to gravity
We now consider gravity where the electromagnetism is minimally coupled. We also introduce a bare cosmological constant Λ 0 for generality. The Lagrangian is
The bulk action is given by I = 1/(16π) d 4 xL. The Bianchi identity and the Maxwell equation take the same forms as in (3.4), but now in general curved spacetime. The Einstein field equation is
where T µν is given by (3.2). We also assume that both coupling constants α 1 and α 2 are nonnegative.
It is worth mentioning that the α 2 -term was discovered when we were looking for the quartic polynomials that would have no effect on the equations for the RN black hole carrying electric charges only. The α 2 -term turns out to be the unique solution.
M 2 × S 2 vacua
Here we shall focus on having vanishing bare cosmological constant, i.e. Λ 0 = 0. We are interested in vacuum solutions of the type
where ds 2 2 and dΣ 2 2 are two dimensional Einstein spaces with Lorentzian and Euclidean signatures respectively and ǫ 2 and Σ 2 are the the respective volume 2-forms. Assuming that R µν = λ 1 g µν for ds 2 2 and R ij = λ 2 g ij for dΣ 2 2 , we find
Thus we see that the Euclidean signature space dΣ 2 2 must be a 2-sphere, while the Lorentzian signatured ds 2 2 can be AdS 2 , or (Mink) 2 or dS 2 , corresponding λ 1 < 0, = 0 or > 0 respec-tively.
Dyonic black holes and the horizon structures

The solutions
We find that the theory admits exact solutions of general spherically-symmetric and static dyonic black holes:
where ǫ = 1, 0, −1, for which the metric dΩ 2 2,ǫ describes a sphere, torus and hyperbolic 2-space respectively. The electric potential φ satisfies (3.13) and the blackening factor f satisfies
The solution can be expressed as
The general solution carries three integration constants, (M, q, p), associated with the mass, electric and magnetic charges. As we have discussed in section 3, the system satisfies at least the dominant energy condition when both α 1 and α 2 are positive. For the black hole solutions, we find
where p 1 , p 2,3 are the pressure in the the radial and 2-sphere directions respectively. Thus we see that the black holes indeed satisfies the dominant energy condition if Λ 0 ≥ 0, including the asymptotically flat solutions. The strong energy condition however can be violated since
This is not surprising since the quasi-topological term, which behaves like dark energy, will violate the strong energy condition. Of course, the above only demonstrates that the strong energy condition can be violated by some black holes, but not by all.
Special limits
The hypergeometric function in (4.7) becomes degenerated to polynomials in the following special cases:
where Λ eff is given by (3.18). The first two cases are the reason we call the α 2 -term quasitopological. Note that in taking the α 1 = 0 limit, the divergent term can be absorbed by redefining the mass parameter M . The geometries of all these special solutions are those of RN black holes or simply the Schwarzschild one, and their global structures have been well studied.
Global analysis
We thus focus on the case with α 1 α 2 = 0. Asymptotically at large r, the blackening factor behaves as
On the other hand, at the vicinity of the black hole curvature singularity r = 0, we have
Assuming that Λ 0 = 0 and ǫ = 1 so that the metric is asymptotically flat, then if there are horizons, there must be an even number of them. This is analogous to the RN black hole, which has in general two horizons. We find that for suitable parameters, there can be four horizons. Note that multi-horizon solutions were also constructed in [9] in the reverse-engineered f (F 2 ) theories. These theories typically violate the null-energy condition and furthermore the locations of the horizons are the parameters of the theory rather than the integration constants of the solutions.
To understand the multiple horizon structures, it is useful to define a function W = rf + 2M , which must be positive for r > 0 and satisfies We now illustrate the above discussion with explicit examples. Since we only consider the cases with α 1 > 0, we can set α 1 = 1 without loss of generality. Furthermore for simplicity, we shall treat α 2 as a variable rather than a fixed coupling constant; otherwise, it can be very tedious to solve algebraic equation involving the hypergeometric functions.
Assuming that W ′ in (4.13) has three roots (x 1 , x 2 , x 3 ) for r 2 , with 0 < x 1 < x 2 < x 3 . We can express (q, p, α 2 ) in terms of these roots:
The thresholds M 0,1,2 can be read off from W by substituting these roots.
Case 1: black holes with at most two horizons
In this case, only one of the three x i 's is real. For a concrete example, we consider 
Note that in this category, the function f is monotonically increasing outside the outer horizon. This black hole, as in the case of RN black holes, satisfies the strong energy condition as well as the dominant energy condition.
Case 2a: black holes with at most four horizons
We now consider the cases where all the roots are real and hence positive. Assuming that x 1 < x 2 < x 3 , we first focus on the case with M 3 < M What is striking about this case is that the Newtonian potential for this black hole has a stable equilibrium at r = 6.1421, the distance about four times the outer horizon radius.
In the region of r ∈ (2.848, 6.1421), the gravity force is repulsive instead of being attractive.
The previously known examples of the black hole repulsion all involve the repulsive scalar charges, see e.g. [10] [11] [12] [13] [14] [15] . The situation here is very different since there is no scalar in the theory.
The existence of a static equilibrium for a massive particle owing to the extra wiggle of f is suggestive of the possibility of a stable photon sphere, which we shall discuss in the next section.
Case 3: black holes with two extremal horizons
It is also of interest to present a dyonic black hole with two extremal horizons. Let us take the parameters to be 
Black hole thermodynamics
From the asymptotic behavior of the blackening factor f , it is straightforward to see that the dyonic black hole has mass M . The electric and magnetic charges can be read off from the equations of motion and the Bianchi identity, namely
We see clearly that the electric and magnetic charges enter the metric asymmetrically and hence the electromagnetic duality breaks down by the α 2 term.
Assuming that the outer horizon is located at r + , we find that the Hawking temperature and the entropy are
The electric and magnetic potentials are It is now straightforward to verify that the first law of thermodynamics
Note that the last term is treating the a negative cosmological constant as positive pressure [16, 17] . It should be emphasized that the first law is valid formally for all black hole horizons. Since the coupling constant α 2 is dimensionful, the Smarr relation breaks down unless one wants to treat α 2 as a thermodynamical variable.
Note that α 1 = 0 is not a smooth limit, it alters the asymptotic behavior of electric potential φ ′ , and hence it should be analysed separately. In this case, the solution is given in (4.10), and the mass, electric and magnetic charges are
The other black hole thermodynamic quantities are
It is easy to verify that the first law is satisfied. Note that in this case we have Φ e Q e + Φ m Q m = 0.
Multiple photon spheres and a stable one
In the curved spacetimes, it turns out that there can exist the null geodesics circling around the black hole with a certain radiusr, giving rise to a photon sphere. For example, the radius of the photon sphere of the Schwarzschild black hole is 3 2 of the Schwarzschild radius [18, 19] . However, the photon sphere is unstable and hence has no observational consequence. Stable photon spheres are hard to come by and a wide search for such black holes in supergravities led no positive result [20] . To our knowledge, there is hitherto no example of stable photon sphere in literature for asymptotically flat black holes in Einstein gravity with at least the null energy condition. In this section, we study the photon spheres in the dyonic black holes exhibited in the section 4.3. Especially, we show a stable photon sphere can indeed exists without violating the dominant energy condition.
In the spherically symmetric geometries, the radiusr of a photon sphere are determined by f r 2 ′ r=r = 0 , and
The second condition ensures that r =r is in the region where r remains spacelike so that r =r describes a spatial 2-sphere. Whether the photon sphere is stable or not can be determined by the second derivative, namely [21] stable :
For example, for the Schwarzschild black hole with f = 1 − 2M/r, it is easy to see that there is an unstable photon sphere located atr = 3M .
We now determine the photon spheres of the dyonic black holes presented in subsection We see that f (r 1 ) > 0, but f (r 2 ) < 0, it follows that there is only one photon sphere at r 1 =r 1 , and it is unstable.
We now consider the solution (4.20) with M = 6.7. In this case there are four real horizons, given by (4.21). We find that there are four positive roots for (f /r 2 ) ′ : Both photon spheres are unstable. Note that the second photon spherer 2 is located at the inner spacetime region r 3 < r < r 2 , in which r 3 can be viewed as an event horizon and r 2 as the cosmic horizon.
We now study the photon spheres in the black hole (4.23). When the black hole has four horizons, the result is analogous to the above and there are two unstable photon spheres, one is in the outer world and the other is in the inner world. Instead, we consider the two-horizon solution with M = 6.7. The outer and inner horizons are given in (4.24).
An unusual feature of this black hole is that the function f is not monotonic outside the outer horizon, but has a wiggle between (2.848, 6.1421), such that r = 6.1421 is a static equilibrium for a neutral massive particle.
We find that there are four positive roots for (f /r 2 ) ′ , given bỹ In this case, we have 3 photon sphereŝ
all of which are outside the outer horizon r 1 = 1.5498. Furthermore, we find although the photon spheres atr 1 andr 3 are unstable, the photon sphere atr 2 is stable. The result is suggestive of a connection between the existence of a stable static equilibrium for a neutral massive particle and a stable photon sphere.
To be complete, we now examine the photon spheres of the solution (4.25) with two extremal horizons. We find that there are again four positive roots for (f /r 2 ) ′ :
Again onlyr 1 =r 1 andr 2 =r 3 are the radii of photon spheres. One is in the outer world while the other is in the inner world. Both of the photon spheres are unstable.
To conclude, depending on the choice of parameters, the asymptotically-flat black holes can have one, two or three photon spheres. In the last case, one of the three is stable,
providing the first such example in literature. It should be emphasized that the black hole with stable photon sphere satisfies the dominant energy condition, but not the strong energy condition.
6 On-shell action and the hidden electromagnetic duality
The free Maxwell theory has electromagnetic duality that interchanges its equation of motion and the Bianchi identity. The symmetry remains when the source includes both electric and magnetic charges. However, in the standard formulation the symmetry breaks down in the on-shell action owing to the fact F 2 = −( * F ) 2 . (See [8, [22] [23] [24] [25] for alternative formulations.) The issue becomes recently urgent owing to the conjecture that the complexity of a quantum system is equal to the on-shell action of some AdS black hole in the WheelerDeWitt (WDW) patch [27, 28] . In other words, one would expect that the complexity in such a quantum system should have electromagnetic duality.
The issue was resolved for the Maxwell theory or a class of Einstein-Maxwel-dilaton theories by adding an appropriate boundary term at the price of introducing mixed boundary conditions in the variation principle [29] . In [30] , the boundary term of a more general class of theories was proposed
By examining several examples, it was conjectured that γ = 1 2 was the universal factor that could restore the electromagnetic duality of equations in the on-shell action. An interesting question was asked in [30] : is there any significance of this boundary term when a theory does not have electromagnetic duality at all?
As we have seen, the quasi-topological term breaks the electromagnetic duality. Furthermore the exact solution of general dyonic black holes can be constructed. These make our theory a perfect example to address the question raised in [30] . It follows from [30] that the relevant boundary term is
Making use of the equation of motion and the Stokes' theorem, the Maxwell boundary term on shell can be written as a bulk integration
The dyonic black hole was presented in the previous section. We can use the established technique [31] to evaluate the on-shell action growth rate, which includes four contributions, namely the bulk, Gibbons-Hawking surface term, the joint term and the γ boundary term:
And we find that
The detail of the function Y is not important since it cancels itself in the full action growth.
Nevertheless, we give the explicit expression
Thus the total action growth rate can then be written as a simple form in terms of thermodynamical quantities as that of the Einstein-Maxwell case
When the black hole has only two horizons, r + and r − denote the outer and inner horizons.
When the black hole has four horizons, the definition of the WDW patch becomes less clear, and here we assume that it is region between (r 2 , r 1 ). For the singular limit, α 1 = 0, the solution and thermodynamics were also presented in the previous section. Following the same procedure, we find that the late time action has the same form as (6.7).
Thus we see that even though our quasi-topological electromagnetism breaks the electromagnetic duality at the level of equations, its on-shell action in the WDW patch has hidden electromagnetic duality when γ = 7 Quasi-topological electromagnetism as dark energy?
In section 3, we saw that the quasi-topological term associated with α 2 gave rise to a perfect-fluid energy-momentum tensor that resembled the dark energy. In this section, we demonstrate the reason behind and also study its application in cosmology. We first consider the simplest model
.
It is easy to verify that the quasi-topological term is effectively a positive cosmological constant on shell. To see this we note that
In D = 4, we must have * (F ∧ F ) = 2ψ(x) for certain function ψ. The equation of motion associated with the variation of A is then given by
Thus ψ must be a constant. Assuming that ψ = λ, the quasi-topological term is then effectively the cosmological constant with
Thus we can construct the cosmological de Sitter spacetime
We see that in this model, the cosmological constant is a composite quantity, built from the fundamental U (1) field A. In this particular example, the solution for A can be
Even in this simple model, there is an important difference between quasi-topological electromagnetism and a fixed cosmological constant. In the former the effective cosmological constant is an integration constant of the theory rather than a fixed value as in the latter case.
The true advantage of having a composite model for the dark energy is that it allows to have interesting couplings between the dark energy and other matter fields. We now present a concrete model with a nontrivial coupling between the dark energy and a scalar field φ. The Lagrangian is given by
Here ε µνρσ is totally antisymmetric density with ε 0123 = 1. Defining tensor ǫ µνρσ = ε µνρσ / √ −g, the covariant equations of motion are
µν .
We find that the theory admits the Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological solution, with the ansatz
Note that we have * (F ∧ F ) = 2pψ(t). The equations of motion for the scalar and A fields
The Einstein equations give the standard cosmological equations 
Since our theory is constructed from the Lagrangian formalism using fundamental fields, the law of conservation of energy-momentum tensoṙ
is automatically satisfied. Note that the second equation of (7.10) can be solved exactly, given by
) . (7.14)
It follows that resulting equations of motion are the same as the FLRW cosmology driven by a scalar φ with effective scalar potential 16) where M is some fundamental scale required by dimensional consistency. This quantity is clearly too small to account for the current dark energy. On the other hand, in the early universe where the radiation energy is large, it can be nontrivial and provide a driving force for inflation. However, by itself, it is unlikely to create enough e-foldings since the photon density reduces quickly with the inflation and hence ρ has the wrong falloff with respect to the cosmological scaling factor a. If the quasi-topological electromagnetism is the higher-order extension of the Maxwell theory, the radiation is unlikely the composite for the dark energy. An alternative possibility is magnetic monopoles, which, together the electric charges, can contribute in part ρ = −p. As we have seen in the previous sections, the asymptotic spacetime is flat if there is no additional cosmological constant. However, in this case, there can be an inner world sandwiched between the cosmic horizon and black hole horizons. Its implication in cosmology requires further exploration.
Conclusions
We introduced a new concept of quasi-topological electromagnetism which is defined as the squared norm of the topological wedge products of the Maxwell field strength in general (k ≥ 2)'th order. (The k = 1 leads to the standard kinetic term of the Maxwell theory.)
We focus on the study in four spacetime dimensions, in which case, we have k = 2 only.
One salient property of the quasi-topological term in D = 4 is that it contributes an energy-momentum tensor of isotropic perfect fluid, namely T ab = diag{ρ, −ρ, −ρ, −ρ}, with
It can thus be used as a model for composite dark energy where a vector U (1) field is its fundamental ingredient. We also found that it could provide an on-shell spontaneous symmetry breaking mechanism where a massless scalar could acquire a mass with the sign of the mass square depending on the sign of the F ∧ F flux.
We first considered Einstein-Maxwell theory extended with this quasi-topological term and studied its application in static black hole physics. The matter sector satisfies the dominant energy condition, and hence also the null and weak energy conditions, but it can violate the strong energy condition. By the nature of the construction, the RN black holes with either electric or magnetic charges remain exact solutions, but the dyonic black holes are modified and they exhibit many unusual properties. We found that the dyonic black holes were all Schwarzschild-like, (i.e. g tt g rr = −1), with the blackening factor f being expressed in terms of a hypergeometric function. The solutions carry three independent parameters, the mass, the electric and magnetic charges.
As in the case of RN black holes, the black hole singularity at r = 0 is time-like and hence there are an even number of horizons. (An extremal horizon is counted as two here.)
For some fixed choices of electric and magnetic charges, adjusting the mass parameter can give at most two horizons. These black holes are analogous to the RN solutions, satisfying both the dominant and strong energy conditions. For some other choices of electric and magnetic charges, adjusting the mass can yield two or even four black hole horizons r 1 > r 2 > r 3 > r 4 > 0. These black holes satisfy the dominant energy condition, but not the strong energy condition. It follows that the region r ∈ (r 3 , r 2 ) is like regular spacetime sandwiched between a black hole horizon and a cosmic horizon. In other words, there is an "inner new world" inside the dyonic black hole. We also study the photon spheres created by the dyonic black hole and we find that there is a photon sphere in both inner and outer worlds, but both are unstable.
When a black hole that could have four horizons, but it will reduce to two horizons if we lower the mass appropriately. Then new phenomena can arise. For suitable parameters, we found that the blackening function f outside the outer horizon could be non-monotonic with a local maximum followed by a local minimum before increasing monotonically to asymptotic infinity. This implies that gravity is repulsive in the region between the maximum and the minimum, giving rise to a stable static equilibrium at the local minimum. In this case, we found that there existed three photon spheres, one located between the outer horizon and the local maximum and two located beyond the local minimum. The most inner and outer photon spheres are unstable, but the middle one is stable, providing the first example of stable photon sphere in the asymptotically flat spacetime geometry that satisfies at least the null energy condition.
The quasi-topological term breaks the electromagnetic duality and the electric and magnetic charges (Q e , Q m ) enter the dyonic black holes asymmetrically. However, we find that by adding the boundary term (6.1), the on-shell action of the dyonic black holes has hidden electromagnetic duality at precisely the γ = 1 2 value advocated in [30] . This is indicative that this hidden symmetry could be universal in higher-order extended Maxwell theories.
We finally studied applications of the quasi-topological electromagnetism in cosmology.
We focused on the case where the quasi-topological term is not an extension of the Maxwell theory. When the term is on its own, we showed that it gave rise an effective cosmological constant. We then considered the coupling of the fundamental U (1) ingredient with some massless scalar field and obtained an effective potential with non-vanishing mass. The sign of the mass squared depends on the sign of the flux F ∧ F . By the nature of construction, this provides an FLRW (homogeneous and isotropic) cosmological model that may have applications in early cosmology or explaining later time dark energy. The key advantage of the quasi-topological term as being the dark energy is that its fundamental ingredient A µ has a variety of ways to couple to other forms of matter, including the dark matter.
Our introduction of the quasi-topological electromagnetism and our initial exploration turn out to reveal many intriguing properties in both black hole physics and cosmology.
Each of these properties deserves further investigation. We have focused on the quasitopological polynomials for the U (1) field. It is straightforward to generalize to involve the Yang-Mills field strength as well, namely |tr(F ∧ F )| 2 , (or even a generic function of this quantity.) It is of great interest to investigate its implications.
For sufficiently large M , the solutions describe black holes with the event horizon being the largest root r + of f . The temperature and the entropy of these black holes are 
